In the framework of the quasipotential method in quantum electrodynamics we calculate corrections to the nuclear structure proportional to r 2 N from two-photon exchange amplitudes in the fine and hyperfine structure of P-states in muonic hydrogen, as well as the photon-photon interaction amplitudes, leading to the exchange of the axial vector meson. In constructing the quasipotential of the muon-nucleus interaction, we use the method of projection operators on states of two particles with a definite spin and total angular momentum. Analytical calculation of the matrix elements is performed and contributions to the fine and hyperfine structure of the 2P 1/2 and 2P 3/2 levels are obtained.
I. INTRODUCTION
The recent studies of the Lamb shift and hyperfine structure of the spectrum of muonic hydrogen and helium have opened a new stage in precise investigation of the energy spectra of simplest atoms. Experiments performed by the CREMA collaboration (Charge Radius Experiments with Muonic Atoms) [1] [2] [3] [4] made it possible to carry out additional testing of the Standard Model, to obtain more accurate values of a number of fundamental parameters, and to raise the question of the presence of additional exotic interactions between particles in the bound state. Inclusion of other experimental groups in this area of research (see [5] [6] [7] ) will allow not only to check the experimental results of the CREMA collaboration, but will also lead, as planned, to further increasing the accuracy of measurements of different intervals of fine and hyperfine structure. The measurements already performed by the CREMA collaboration show that there is a significant difference between the values of such a fundamental parameter as the proton (deuteron) charge radius obtained in the study of the electron and muonic atoms [3, 4, [8] [9] [10] . It should be noted that recent study [11] of the (2S − 4P ) transition in the electronic hydrogen atom yielded a new value of the proton charge radius, r p = 0.8327(87) fm, which is quite consistent with the CREMA data. As was often the case in long history of precision studies of the energy spectra of simplest atoms in quantum field theory, one of the ways to overcome the crisis situation involves a deeper theoretical analysis, testing previously calculated contributions that can play a large role in the case of muonic atoms. On this way, the problem of a more accurate theoretical construction of the particle interaction operator in quantum electrodynamics, the calculation of new corrections in the energy spectra of muonic atoms acquire a particularly important value [12] [13] [14] [15] [16] [17] .
In this paper, we investigate contributions of some two-photon interactions in muonic hydrogen. The first part of two-photon exchange interactions is the corrections to the finite size of the nucleus in the fine and hyperfine structure of the P-energy levels. If in the case of S-energy levels these two-photon amplitudes have been studied in sufficient detail by different authors [18] [19] [20] [21] , then for P-energy levels such detailed calculations have not actually been carried out. Since the overlapping region of the muon wave function and the nucleus for P-states is significant, such contributions may be essential for a more accurate comparison of theory and experiment. This paper continues our series of studies of corrections to the structure of the nucleus without recoil [12] [13] [14] for the case of P-energy levels. It is well known that corrections to the structure and polarizability of the nucleus play an important role in the comparison of theory and experiment, since the experimental accuracy of measuring the atomic energy levels is constantly increasing. Periodically arising discrepancies between theory and experiment are usually attributed precisely to corrections for the structure of the nucleus, since there are always significant errors in their calculation. The second part of the photon-photon interactions under consideration is related with the appearance of an effective exchange of the axial vector meson between the muon and proton which leads to shifts of P-levels of muonic hydrogen. In the case of S-states interactions of this type are significant [15, 16] . The purpose of this part of the work is to understand how important the meson exchange processes can be to clarify the position of the P-energy levels.
II. GENERAL FORMALISM
To investigate the fine and hyperfine structure of the energy spectrum of muonic hydrogen, we use a quasipotential method in quantum electrodynamics in which the bound state of a muon and a proton is described in the leading order in the fine-structure constant by the Schrödinger equation with the Coulomb potential [22] [23] [24] . The first part of important corrections in the energy spectrum of the S-and P-states is determined by the Breit Hamiltonian [22, 23, 25] (hereinafter abbreviated "fs" and "hfs" for the contribution to the energy spectrum of fine structure and hyperfine structure):
+ Zα 2m
where m 1 , m 2 are the masses of a muon and proton correspondingly, µ p is the proton magnetic moment in nuclear magnetons, s 1 and s 2 are the muon and proton spins. The contribution of interactions (1)-(3) to the energy spectrum of different muonic atoms was well investigated [18, 20, [26] [27] [28] [29] . The interaction operator (3) gives the basic contribution of order α 4 to hyperfine structure of muonic atom (the Fermi energy). The precise calculation of hyperfine structure, which is necessary for a comparison with experimental data, requires the consideration of various corrections.
An infinite series of perturbation theory for the particle interaction operator contains contributions of different orders in α (the fine structure constant). One such contribution due to the two-photon exchange interaction is investigated in this paper. The amplitudes of this interaction are shown in Fig. 1 . The two-photon exchange interaction amplitudes determine an important next to leading order contribution to the energy spectrum of muonic atom. The corrections of this interaction were studied in detail in the case of S-states both in the Lamb shift and in the hyperfine structure of the spectrum. The vertex of the electromagnetic interaction of a proton (nucleus) is determined by two electromagnetic form factors, information about which was obtained in the study of the scattering of leptons by protons (nuclei). Usually when studying this scattering the one-photon approximation is considered, in which the proton (nucleus) is in initial and final states on the mass shell. In the amplitudes in Figure 1 in each of the two vertices of the electromagnetic interaction there is a line of the nucleus, which denotes the virtual state of the proton (nucleus). Therefore, the use of free proton form factors at these vertices always caused criticism and led to theoretical errors, which in the case of muonic atoms are much larger than for electron atoms. For P-states, the calculation of energy corrections was discussed to a much lesser degree than for the S-levels, so one of the goals of this paper is to fill this gap.
For the construction of the particle interaction operator we use the tensor method based on the tensor representation of wave functions and projection operators for P-states of muonic hydrogen. It is convenient to work further in the momentum representation, in which the 2P-state wave function of the muonic hydrogen atom has the form:
where ε δ (L) is the polarisation vector of orbital motion, n p = (0, p/p), R 21 (p) is the radial wave function in momentum representation. Corrections to the energy levels are then determined in integral form:
In the leading order the potential of fine or hyperfine structure ∆V (p, q) is constructed by means of the amplitude of one-photon interaction T 1γ and is determined by formula (3). Starting with the two-photon interaction amplitudes, it is convenient to use the tensor method to construct the interaction potential. It consists in the fact that in the interaction amplitude of particles we consistently perform the projection on the muon states with the total angular momentum J equal to 1/2 or 3/2, and then the projection of the muonproton system to states with the total angular momentum F = J + s 2 . As a result of these actions, it appears that the contribution to the particle interaction operator for a given state is determined by the trace of the product of certain γ factors, whose calculation and simplification can be performed for complex amplitudes using the Form [30] package. Let us clarify the realization of this calculation method using the amplitude example in Fig. 1 . Direct and crossed amplitudes have the following form:
where p 1,2 = m 1,2 v±p are four-momenta of a muon and proton in initial state, q 1,2 = m 1,2 v±q are four-momenta of a muon and proton in final state, v µ = (1, 0, 0, 0). The proton vertex operators in direct and crossed amplitudes are equal
When calculating the corrections to the structure of the nucleus without recoil (to the finite size of the nucleus) we can neglect in the proton propagator its kinetic energy:
In sum, these two expressions give the Dirac delta function δ(k 0 ), which allows us to perform an analytic integration with respect to k 0 . Using the polarization vector ε τ (L) of the orbital motion from (4) and the muon Dirac bispinor u(0) in the rest frame, we obtain for the 2P 1/2 muon state at the first projection step the following expressions for numerators of direct and crossed amplitudes:
where the spinor ψ(0) describes the muon in the rest frame with total momentum j = 1/2. Using the wave functions of the muon ψ(0) and the proton v(0), we introduce the projection operators on states with total angular momentum F = 1 and F = 0 in the second step.
As a result, we obtain the following expressions in the numerator of the direct two-photon amplitude:
where the new polarization vector ε µ in (13) corresponds to the state with F = 1. Similar expressions for (12)- (13) are obtained for crossed two-photon diagram. It should be emphasized that the advantage of this approach is that further transformations are performed within the Form [30] package, which greatly simplifies the construction of the contribution to the particle interaction operator. As a result, the amplitude correction from (6)-(7) in the energy spectrum of 2 1 P 1/2 , 2 3 P 1/2 states can be represented in the following integral form:
Expressions (14)- (15) are the result of the calculation of the amplitudes in the Form package with necessary accuracy. To extract the contribution to the structure of the nucleus in the analytic form, we expand the form factors F 1,2 in a series, preserving the term proportional to the charge radius squared r 2 E . We take into account that the integral functions in (14)- (15) are symmetric with respect to the replacement p ↔ q and represent the product of form factors as follows:
(16) Then the result of integration in (14)- (15) is defined by the following integral:
Taking into account (17), we obtain from (14)- (15) following analytical expressions for the energy corrections:
for convenience of presenting the result the Fermi energy for the 2S-level is introduced:
. Another scheme for adding moments involves first adding the particle spins to the total spin S, and then adding S to the orbital angular momentum L = 1. In this case, the transformation of the wave function of an atom has the form:
The connection between the wave functions in a state with total angular momentum F = 1 in two schemes for adding moments is determined as follows:
The contribution of states Ψ 01Fz , Ψ 11Fz to the energy spectrum of P-levels has a form:
where when we add the spin and orbital angular momentum to the total moment F = 1, the following tensor expression is used (ǫ β is the polarization vector of the state with F = 1):
Using further (21)- (22), we can obtain total contribution ∆E(2 3 P 1/2 ), ∆E(2 3 P 3/2 ) from (23)- (24) . It is also necessary to take into account nondiagonal matrix element of the form
(kq)(pq) +
The contribution ∆E(2 3 P 1/2 ) has exactly the same form (18) , as with another method of adding moments, and the contribution of this interaction to the level 2 3 P 3/2 shift is equal to ∆E(2 3 P 3/2 ) = 0. (27) In the case of the state 2 5 P 3/2 with F = 2, it is convenient to first add the spin moments of the particles, obtaining a state with spin S = 1, which is described by the polarization vector ε µ (S). Then, from the two wave functions ε µ (S) and ε ω (L), we construct the tensor ε µω , describing the state with total angular momentum F = 2. The further summation over the projections of total angular momentum is given by:
As a result the nuclear structure correction for the state 2 5 P 3/2 has the following integral representation:
Using further the expansion of (16) and extracting the correction to the nuclear structure (∼ r 2 E ), we obtain a cancellation of all terms in (29) . The obtained expressions allow us to present a correction for the nuclear structure separately in the fine and hyperfine structure of the P-energy levels in the form: 
Numerical values of the contributions (28)- (31) are presented in Table I . They refine the position of energy levels 2 1 P 1/2 , 2 3 P 1/2 , 2 3 P 3/2 , 2 5 P 3/2 and may be needed for more exact comparison of theory and experiment. There is another type of two-photon interactions that contribute to the structure of P-states. It is considered in the next section.
III. CONTRIBUTION OF AXIAL VECTOR MESONS TO MUON-PROTON INTERACTION
Corrections in the fine and hyperfine structure of P-levels also arise as a result of twophoton interaction of another type, shown in Fig. 2 . In this case, the effect of two-photon interaction leads to the appearance of a meson exchange between the proton and the muon. The contribution of pseudoscalar mesons in the case of S-, P-states was calculated in [15, [31] [32] [33] . The contribution of axial vector mesons to the hyperfine structure of the S-state spectrum, which was calculated in [16] , is significant. Therefore, it is important to consider this contribution also to the 2P 1/2 , 2P 3/2 level shifts.
FIG. 2: Contribution of axial vector meson to the amplitude of muon-proton interaction.
An important role in the interaction amplitude in Fig. 2 is played by the vertex of the transition of two photons into an axial vector meson. For it, the following parameterization is valid [34, 35] :
where t = p − q. If k (10)- (11), we represent the interaction amplitude of particles in this state in the form:
, where g AV P P is the coupling constant of the axial vector meson and proton. To extract the leading order contribution in α we can make approximately the following replacements:
Then the interaction amplitude gives the contribution to the energy shift of 2P 1/2 level, which can be presented in integral form:
We left terms in brackets of expression (34) that formally have a different order in α, taking into account that p ∼ µα, q ∼ µα. The subsequent angular integration in the momentum space shows that their order is equalized and becomes equal to α 5 . All the momentum integrals in (34) can be calculated analytically by using the vector dominance model for the function
Here and below, we indicate the expansion of the exact result in powers of the parameter m 1 /Λ up to terms of the second order. An important feature of the integral (37) is that it is zero if (p − q) 2 is neglected in the denominator (37) . This leads to an increase in the order of the contribution to α 5 . The total analytical result and numerical value of the contribution (34) are equal to
Numerical value of the contribution (39) is obtained in the case of f 1 (1285) meson (see the values of corresponding parameters in [16] ). It is very small in comparison with the analogous contribution to the shifts of the S-levels, since the order of the contribution increases due to the additional factor α 2 . The contribution of another axial vector meson a 1 (1260) has approximately the same value, and the total contribution of all AV-mesons is shown in Table I . Similar results for the interaction amplitude and energy shift in the 2 1 P 1/2 state have the form:
Numerical value of contribution (41) is presented in Table I .
To calculate the analogous contribution in the case of 2P 3/2 state, we use the expansion (22) , in which the projection on states Ψ 01Fz and Ψ 11Fz is also performed within the tensor method. As a result, the muon and proton interaction amplitudes for these states have the form:
. (43) The subsequent integration over the momenta k, p, q in the calculation of the energy contributions can be performed analytically: When calculating the average values of axial vector meson exchange amplitudes by means of (22) , it is necessary to calculate off-diagonal terms of the form Ψ 01Fz |M|Ψ 11Fz . Denoting such a contribution M 01Fz,11Fz , we obtain the following expression for it:
(46) Calculating then the contribution to the energy spectrum from (46) as well as for the diagonal terms, we obtain:
Total numerical value for the level 2 3 P 3/2 , which is determined by (42), (43), (47), is presented in Table I . A similar contribution to the energy level 2 5 P 3/2 shift can be obtained, if in the original amplitude of the muon-proton interaction we perform successive projection onto the state of particles with total spin S = 1, then the state of total momentum F = 2. In this case, the muon-proton state is described by the tensor ε µν , which occurs when two polarization vectors ε µ (L) and ε ν (S) are added. Summation over the polarizations is carried out with the help of (28) . After all the simplifications, the amplitude of particle interaction for 2 5 P 3/2 state is represented in the form:
, and the corresponding contribution to the energy spectrum is included in Table I .
IV. CONCLUSION
In this paper we study the contribution of some two-photon interactions to the muon and proton interaction potential and into the fine and hyperfine structure of the energy spectrum for P-states. In the framework of the quasipotential method in quantum electrodynamics, using the technique of projection operators on the states of two particles with a definite spin and total angular momentum, we construct the particle interaction operators (14) , (15) , (33) and obtain analytical expressions for contributions to the fine and hyperfine structure of the P-energy levels. On their basis, numerical estimates of contributions are obtained, which we present in Table I . The method of projection operators allows us to represent the interaction amplitudes of particles in a covariant form and use computer methods for calculating Feynman amplitudes for a further construction of the particle interaction operator in a definite state, which is extremely important in the higher orders of perturbation theory.
The contributions of two-photon exchange amplitudes and amplitudes with the exchange of axial vector meson, studied by us, give essentially different numerical values of the Plevel shifts. This is due to the fact that these two-photon interactions lead to corrections of different orders in the energy spectrum: two-photon exchange interactions contribute to a finite nuclear size of the order of α 6 , and the exchange of the axial vector meson produces a contribution of order α 7 . In this connection, it can be said that the corrections to the structure of the nucleus from two-photon exchange amplitudes are more significant for a precise comparison with the experimental data because their numerical values are of the order of 0.0001 meV (see Table I ). Recall that to explain the puzzle of the proton radius, a contribution of about 0.3 meV is needed. In our calculations of the contribution of axial vector mesons, we take into account the contributions of f 1 (1285), a 1 (1260), f 1 (1420) as in [16] . Their total contribution is presented in Table I . Theoretical uncertainties are not explicitly indicated in Table I . For the correction ∼ r 2 E , the error is determined by the error in the value of the charge radius of the proton. If we take two values for the charge radius r CODAT A E = 0.8775(51) fm and r CREM A E = 0.84087(39) fm, then the difference in the magnitude of this correction is about 9 percent. From the experimental data and model approximations for constructing the transition form factor and the interaction potential of particles for axial vector exchange, we estimate the error in calculating the contribution of axial vector mesons approximately in 50 percent [16] .
It should be noted that the axial vector meson exchange mechanism, which contributes to the hyperfine structure of the hydrogen atom spectrum, was discussed many years ago in [39] [40] [41] . The most important role for the numerical calculation of the contribution of lightby-light scattering is played by the form factor of the transition of two photons into an axial vector meson. We used for it, just like in the previous paper [16] , the dipole parametrization with respect to the 4-momentum of each photon, obtained in the experiments of the collaboration L3 [36] [37] [38] . The experimental data of L3 are limited by a rather small kinematic region, so new measurements of transition form factors are extremely necessary. Such experiments can be performed by the BESIII and BELLEII collaborations.
